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Abstract:
This paper is an extended version of our previous short letter [1] and is attempted to give a de-
tailed account for the results presented in that paper. Let Uq(G
(1)) be the quantized nontwisted
affine Lie algebra and Uq(G) be the corresponding quantum simple Lie algebra. Using the previ-
ous obtained universal R-matrix for Uq(A
(1)
1 ) and Uq(A
(1)
2 ), we determine the explicitly spectral-
dependent universal R-matrix for Uq(A1) and Uq(A2). We apply these spectral-dependent uni-
versal R-matrix to some concrete representations. We then reproduce the well-known results for
the fundamental representations and we are also able to derive for the first time the extreamly
explicit and compact formula of the spectral-dependent R-matrix for the adjoint representation
of Uq(A2), the simplest nontrival case when the tensor product of the representations is not
multiplicity-free.
1 Introduction
This paper is an extended version of our previous short letter [1] where only the results have
been announced and is partially attempted to account for the details for the results presented
in that letter.
Quantum deformation of universal enveloping algebras, or for short, quantum algebra, is
perhaps one of the most important discoveries in recent years in mathematics and theoretical
physics [2][3]. The novelty in this theory is that it has a quasitriangular Hopf algebra structure.
Namely, there exists a canonical element R, called the universal R-matrix, in the deformed
algebra satisfying the spectral-independent quantum Yang-Baxter equation (QYBE) which plays
a key role in CFT’s [5] and knot theory [4][6][7]. Integrable models [8][9][10], on the other hand,
use spectral-dependent R-matrix which is the solution to the spectral-dependent QYBE.
Since Jimbo and Jones’ works [3][11], a central issue has been finding spectral parameter
dependent R-matrix using the quantum group techiques (see, for example, [12]). The usual
approach seems to be Jones’ ”Yang-Baxterization” procedure. That is, given some representation
of braid group, one can in principal work out the spectral-dependent solution to QYBE by Yang-
Baxterizing the former. This approach has been extensively applied to the case of so-called
”abelian Yang-Baxterization” where the tensor product of representations is multiplicity-free.
In fact, as far as we know, all the previous research in literature has limited to this simple case.
When the tensor product of representations is not multiplicity-free, Jones points out that ”non-
abelian Yang-Baxterization” plays a role. Therefore, one may expect that one can not any more
use the simple ansatz that spectral-dependent R-matrix takes the form of spectral-dependent
scalar functions times spectral-independent projection operators, and thus makes it very difficult
to solve the Jimbo-type equations [3].
We will present a new way of obtaining the spectral-dependent R-matrix for quantum simple
Lie algebras. Our idea is, in some sense, to reverse the above process. More precisely, we start
from the universal R-matrix of the quantum affine algebra Uq(G
(1)) and then apply it to finite-
dimensional loop representations V (z) of Uq(G
(1)) which is known to be isomorphic to the ones,
V ⊗C(z, z−1) of the corresponding quantum simple Lie algebra Uq(G). In this way, a spectral
parameter appears automatically and we obtain the spectral parameter dependent solution to
QYBE for the latter. Our approach has been partly initiated by Khoroshkin and Tolstoy’s
work [13] who consider the simplest case of the fundametal representation of Uq(A1) and has
classical analogue [14]. One of the advantages lying in our method is that the multiplicity-free
and non-multiplicity-free cases can be treated in a unified fashion. As a matter of fact, we are
able to get a spectral-dependent universal R-matrix for Uq(A1) and Uq(A2). Applying to some
concrete representations, we are able to reproduce the well-known results for the fundamental
representations and to obtain for the first time the extreamly explicit and compact formula for
spectral-dependent R-matrix of Uq(A2) for the adjoint representation, the simplest nontrival
1
case when the tensor product of representations is not multiplicity-free.
The present paper is set in the following fashion. In section 1 and 2, we give some account
for the fundamentals needed in this paper. In section 3, we give the universal R-matrix with
the explicit spectral dependence for Uq(A1) and Uq(A2). In section 4, we apply the spectral-
dependent universal R-matrix to some concrete representations and reproduce some well-known
results. We also obtain an extreamly explicit and compact formula for spectral-dependent R-
matrix in the adjoint representation of Uq(A2). In section 5 we present some remarks. Finally,
some extra details are put in Appendix A and B.
2 Quantum Affine Lie Algebras
We start with the definition of the nontwisted quantum affine Lie algebra Uq(G
(1)). Let A0 =
(aij)1≤i,j≤r be a symmetrizable Cartan matrix. Let G stand for the finite-dimensional simple
Lie algebra associated with the symmetrical Cartan matrix A0sym = (a
sym
ij ) = (αi, αj), i, j =
1, 2, ..., r, where r is the rank of G. Let A = (aij)0≤i,j≤r be a symmetrizable, generalized Cartan
matrix in the sense of Kac [15]. Let G(1) denote the nontwisted affine Lie algebra associated with
the corresponding symmetric Cartan matrix Asym = (a
sym
ij ) = (αi, αj), i, j = 0, 1, ..., r. Then
the quantum algebra Uq(G
(1)) is defined to be a Hopf algebra with generators: {Ei, Fi, q
hi (i =
0, 1, ..., r), qd} and relations,
qh.qh
′
= qh+h
′
(h, h′ = hi (i = 0, 1, ..., r), d)
qhEiq
−h = q(h,αi)Ei , q
hFiq
−h = q−(h,αi)Fi
[Ei, Fj ] = δij
qhi − q−hi
q − q−1
(adqEi)
1−aijEj = 0 , (adq−1Fi)
1−aijFj = 0 (i 6= j) (1)
where
(adqxα)xβ = [xα , xβ]q = xαxβ − q
(α , β)xβxα (2)
The algebra Uq(G
(1)) is a Hopf algebra with coproduct, counit and antipode similar to the
case of Uq(G): explicitly, the coproduct is defined by
∆(qh) = qh ⊗ qh , h = hi, d
∆(Ei) = q
−hi ⊗ Ei + Ei ⊗ 1
∆(Fi) = 1⊗ Fi + Fi ⊗ q
hi , i = 0, 1, ..., r (3)
Formulae for the counit and antipode may also be given, but are not required below.
Let ∆′ be the opposite coproduct: ∆′ = T ∆, T (x ⊗ y) = y ⊗ x , ∀x, y ∈ Uq(G
(1)). Then ∆
and ∆′ is related by the universal R-matrix R in Uq(G
(1))⊗ Uq(G
(1)) satisfying
∆′(x)R = R∆(x) , x ∈ Uq(G
(1))
(∆ ⊗ id)R = R13R23 , (id⊗∆)R = R13R12 (4)
2
We define an anti-involution θ on Uq(G
(1)) by
θ(qh) = q−h , θ(Ei) = Fi , θ(Fi) = Ei , θ(q) = q
−1 (5)
which extend uniquely to an algebra anti-involution on all of Uq(G
(1)) so that θ(ab) = θ(b)θ(a) , ∀a, b ∈
Uq(G
(1)). Throughout the paper, we use the notations:
(n)q =
1− qn
1− q
, [n]q =
qn − q−n
q − q−1
, qα = q
(α,α)
expq(x) =
∑
n≥0
xn
(n)q!
, (n)q! = (n)q(n− 1)q ... (1)q (6)
3 Universal R-Matrix for Uq(A
(1)
1 ) and Uq(A
(1)
2 )
This section is devoted to a brief review of the construction of the universal R-matrix for Uq(A
(1)
1 )
and Uq(A
(1)
2 ) [13] [16]. We start with rank 2 case. Fix a normal ordering in the positive root
system ∆+ of A
(1)
1 :
α, α+ δ, ..., α+ nδ, ..., δ, 2δ, ..., mδ, ... , ... , (δ − α) + lδ, ... , δ − α (7)
where α and δ−α are simple roots; δ is the minimal positive imaginary root. Construct Cartan-
Weyl generators Eγ , Fγ = θ(Eγ) , γ ∈ ∆+ of Uq(A
(1)
1 ) as follows: We define
E˜δ = [(α,α)]
−1
q [Eα, Eδ−α]q
Eα+nδ = (−1)
n
(
adE˜δ
)n
Eα
E(δ−α)+nδ =
(
adE˜δ
)n
Eδ−α , ...
E˜nδ = [(α,α)]
−1
q [Eα+(n−1)δ , Eδ−α]q (8)
where [E˜nδ, E˜mδ ] = 0 for any n, m > 0. Then
(i) for any n > 0, there exists a unique element Enδ [13] satisfying [Enδ , Emδ] = 0 for any
n, m > 0 and the relation
E˜nδ =
∑
k1p1 + ...+ kmpm = n
0 < k1 < ... < km
(
q(α,α) − q−(α,α)
)∑
i
pi−1
p1! ... pm!
(Ek1δ)
p1 ...(Ekmδ)
pm (9)
(ii) the vectors Eγ and Fγ = θ(Eγ), γ ∈ ∆+ are the Cartan-Weyl generators for Uq(A
(1)). One
has [13]
Theorem: The universal R-matrix for Uq(A
(1)
1 ) may be written as
R =

∏
n≥0
expqα((q − q
−1)(Eα+nδ ⊗ Fα+nδ))


3
·exp
(∑
n>0
n[n]−1qα (qα − q
−1
α )(Enδ ⊗ Fnδ)
)
·

∏
n≥0
expqα((q − q
−1)(E(δ−α)+nδ ⊗ F(δ−α)+nδ))

 · q 12hα⊗hα+c⊗d+d⊗c (10)
where c = hα+ hδ−α. The order in the product (10) concides with the chosen normal order (7).
We now consider rank 3 case. Let A0sym = (a
sym
ij ), i, j = 1, 2 and ∆
0
+ respectively be
symmetrical Cartan matrix and positive root system of rank 2 finite-dimensional simple Lie
algebras A2. In what follows we use A
0
sym in the form
A0sym = (a
sym
ij ) =

 (α,α) (α, β)
(β, α) (β, β)

 =

 2 −1
−1 2

 (11)
The simple roots are α , β and δ − ψ with ψ = α+ β be the highest root of A2.
Proposition: For Uq(A
(1)
2 ), we fix the following order in ∆+ of A
(1)
2 ,
α, α+ δ, ..., α+m1δ, ..., α+ β, α+ β + δ, ..., α+ β +m2δ, ..., β, β + δ, ..., β +m3δ, ..., δ, 2δ, ...,
kδ, ..., ... (δ − β) + l1δ, ..., δ − β, ..., (δ − α) + l2δ, ..., δ − α, ..., (δ − α− β) + l3δ, ..., δ − α− β
(12)
where mi, k, li ≥ 0 , i = 1, 2, 3. We set
Eα+β = [Eα , Eβ]q , Eδ−α = [Eβ , Eδ−α−β ]q
Eδ−β = [Eα , Eδ−α−β ]q (13)
and use the formula for Eγ+nδ and E(δ−γ)+nδ , γ ∈ ∆
0
+,
E˜
(i)
δ = [(αi, αi)]
−1
q [Eαi , Eδ−αi ]q , αi = α, β, α+ β
Eαi+nδ = (−1)
n
(
adE˜
(i)
δ
)n
Eαi
Eδ−αi+nδ =
(
adE˜
(i)
δ
)n
Eδ−αi , ...
E˜
(i)
nδ = [(αi, αi)]
−1
q [Eαi+(n−1)δ , Eδ−αi ]q (14)
where [E˜
(i)
nδ , E˜
(j)
mδ ] = 0 for any n, m > 0. One has the following statment similar to the case of
Uq(A
(1)
1 ) :
(i) there exists a unique element E
(i)
nδ , n > 0 satisfying [E
(i)
nδ , E
(j)
mδ] = 0 for any n, m > 0 and
the relation (αi = α, β)
E˜
(i)
nδ =
∑
k1p1 + ...+ kmpm = n
0 < k1 < ... < km
(
q(αi,αi) − q−(αi,αi)
)∑
i
pi−1
p1! ... pm!
(E
(i)
k1δ
)p1 ...(E
(i)
kmδ
)pm (15)
4
(ii) the vectors Eγ and Fγ = θ(Eγ), γ ∈ ∆+ are the Cartan-Weyl generators for Uq(A
(1)
2 ).
One can show [13][16] (see, in particular, [16]) the following
Theorem: For Uq(A
(1)
2 ), the universal R-matrix takes the explicit form
R =
∏
n≥0
expqα
(
(q − q−1)(Eα+nδ ⊗ Fα+nδ)
)
·
∏
n≥0
expqα+β
(
(q − q−1)(Eα+β+nδ ⊗ Fα+β+nδ)
)
·
∏
n≥0
expqβ
(
(q − q−1)(Eβ+nδ ⊗ Fβ+nδ)
)
·exp

∑
n>0
2∑
i,j=1
Cnij(q)(q − q
−1)(E
(i)
nδ ⊗ F
(j)
nδ )


·
∏
n≥0
expqβ
(
(q − q−1)(E(δ−β)+nδ ⊗ F(δ−β)+nδ)
)
·
∏
n≥0
expqα
(
(q − q−1)(E(δ−α)+nδ ⊗ F(δ−α)+nδ)
)
·
∏
n≥0
expqα+β
(
(q − q−1)(E(δ−α−β)+nδ ⊗ F(δ−α−β)+nδ)
)
·q
∑2
i,j=1
(a−1sym)
ijhi⊗hj+c⊗d+d⊗c (16)
where c = h0 + hψ, the order in the product of (16) is defined by (12) and the constants C
n
ij(q)
are given by
(Cnij(q)) = (C
n
ji(q)) =
n
[n]q
[2]2q
q2n + 1 + q−2n

 qn + q−n (−1)n
(−1)n qn + q−n

 (17)
4 Universal R-Matrix with Spectral Parameter
In this section we come to our main concern. We will determine explicitly spectral-dependent
universal R-matrix for Uq(A1) and Uq(A2) by using the universal R-matrix (10) and (16) for the
corresponding Uq(A
(1)
1 ) and Uq(A
(1)
2 ), respectively.
We state the following
Lemma: For any z ∈ C×, there is a homomorphism of algebras evz: Uq(A
(1)
1 )→ Uq(A1) given
by
evz(Eα) = Eα , evz(Fα) = Fα , evz(hα) = hα , evz(c) = 0
evz(Eβ) = zFα , evz(Fβ) = z
−1Eα , evz(hβ) = −hα (18)
Proof: See the appendix A.
Proposition: (Omitting ”evz”)
Eα+nδ = (−1)
nznq−nhαEα
5
Fα+nδ = (−1)
nz−nFαq
nhα
Eβ+nδ = (−1)
nzn+1Fαq
−nhα
Fβ+nδ = (−1)
nz−n−1qnhαEα
E˜nδ = [2]
−1
q (−1)
n−1znq−(n−1)hα
(
EαFα − q
−2FαEα
)
F˜nδ = [2]
−1
q (−1)
n−1z−nq(n−1)hα
(
FαEα − q
2EαFα
)
(19)
Proof: Straightforward calculations + induction in n, using (18) and the defining relations (8).
We define the new primed quantities,
E˜nδ ≡ z
n E˜′nδ , F˜nδ ≡ z
−n F˜ ′nδ
Enδ ≡ z
n E′nδ , Fnδ ≡ z
−n F ′nδ (20)
Then the tilded and primed quantities may be extracted from (19) and are obviously independent
of the parameter z; moreover, E′nδ and F
′
nδ are determined by the following equalities of formal
power series:
(qα − q
−1
α )
∞∑
k=1
E˜′kδu
k = exp
(
(qα − q
−1
α )
∞∑
l=1
E′lδu
l
)
− 1
−(qα − q
−1
α )
∞∑
k=1
F˜ ′kδu
−k = exp
(
−(qα − q
−1
α )
∞∑
l=1
F ′lδu
−l
)
− 1 (21)
which are the variants of (9). From the above considerations and (10) we deduce
Theorem: The universal R-matrix of Uq(A1) with the explicit dependence of spectral parame-
ter, R(x, y) ≡ (evx ⊗ evy)R, can be written as the form,
R(x, y) =
∏
n≥0
expqα
(
(q − q−1)
(
x
y
)n (
q−nhαEα ⊗ Fαq
nhα
))
·exp
(∑
n>0
n[n]−1qα (qα − q
−1
α )
(
x
y
)n
(E′nδ ⊗ F
′
nδ)
)
·
∏
n≥0
expqα
(
(q − q−1)
(
x
y
)n+1 (
Fαq
−nhα ⊗ qnhαEα
))
· q
1
2
hα⊗hα (22)
We now consider the case of Uq(A
(1)
2 ). We state
Lemma: For and z ∈ C×, there is a homomorphism of algebras evz: Uq(A
(1)
2 )→ Uq(A2) given
by
evz(Eα) = Eα , evz(Fα) = Fα , evz(hα) = hα
evz(Eβ) = Eβ , evz(Fβ) = Fβ , evz(hβ) = hβ
evz(Eδ−α−β) = zFα+βq
(hβ−hα)/3 , evz(Fδ−α−β) = z
−1q(hα−hβ)/3Eα+β
evz(hδ−α−β) = −hα+β , evz(c) = 0 (23)
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Proof: See the Appendix A.
Proposition: (Omitting again ”evz”)
Eα+nδ = (−1)
nznq−nhαEαq
−n(hα+2hβ)/3
Fα+nδ = (−1)
nz−nqn(hα+2hβ)/3Fαq
nhα
Eα+β+nδ = (−1)
nznq−nhα+βEα+βq
n(hβ−hα)/3
Fα+β+nδ = (−1)
nz−nqn(hα−hβ)/3Fα+βq
nhα+β
Eβ+nδ = (−1)
n[2]−nq z
nqn
{(
ad′q−1E
)n
Eβ
}
qn(hβ−hα)/3
Fβ+nδ = [2]
−n
q z
−nqn(hα−hβ)/3
(
ad′q−1F
)n
Fβ
E(δ−β)+nδ = [2]
−n
q z
n+1q−n
{(
ad′qE
)n
(ad′q−2Eα)Fα+β
}
q(n+1)(hβ−hα)/3
F(δ−β)+nδ = (−1)
n[2]−nq z
−n−1q(n+1)(hα−hβ)/3
(
ad′qF
)n
(ad′q2Eα+β)Fα
E(δ−α)+nδ = (−1)
nzn+1q−(n+1)(hα+2hβ)/3Fαq
−nhα
F(δ−α)+nδ = (−1)
nz−n−1qnhαEαq
(n+1)(hα+2hβ)/3
E(δ−α−β)+nδ = (−1)
nzn+1q(n+1)(hβ−hα)/3Fα+βq
−nhα+β
F(δ−α−β)+nδ = (−1)
nz−n−1qnhα+βEα+βq
(n+1)(hα−hβ)/3
E˜
(α)
nδ = (−1)
n−1[2]−1q z
n(EαFα − q
−2nFαEα) q
−(n−1)hαq−n(hα+2hβ)/3
F˜
(α)
nδ = (−1)
n−1[2]−1q z
−n q(n−1)hαqn(hα+2hβ)/3(FαEα − q
2nEαFα)
E˜
(β)
nδ = (−1)
n[2]−nq z
nqn−2
{(
ad′q−n+2F
′
)
·
(
ad′q−1E
)n−1
Eβ
}
qn(hβ−hα)/3
F˜
(β)
nδ = [2]
−n
q z
−nqn−1qn(hα−hβ)/3
(
ad′q−n+2E
′
)
·
(
ad′q−1F
)n−1
Fβ (24)
where
(ad′QA) · B ≡ AB −QBA
E = (ad′q−1Eβ)(ad
′
q−2Eα)Fα+β
F = (ad′q(ad
′
q2Eα+β)Fα)Fβ
E ′ = Eα+βFα − q
2FαEα+β
F ′ = EαFα+β − q
−2Fα+βEα (25)
Proof: Straightforward computations + induction in n, by using (23) and the defining relations
of generators, eqs.(14) and (15).
We define the primed quantities, motivated by the form of (24),
E˜
(α)
nδ ≡ z
nE˜
′(α)
nδ , F˜
(α)
nδ ≡ z
−nF˜
′(α)
nδ
E˜
(β)
nδ ≡ z
nE˜
′(β)
nδ , F˜
(β)
nδ ≡ z
−nF˜
′(β)
nδ
E
(α)
nδ ≡ z
nE
′(α)
nδ , F
(α)
nδ ≡ z
−nF
′(α)
nδ
7
E
(β)
nδ ≡ z
nE
′(β)
nδ , F
(β)
nδ ≡ z
−nF
′(β)
nδ
Eβ+nδ ≡ z
nE′β+nδ , Fβ+nδ ≡ z
−nF ′β+nδ
E(δ−β)+nδ ≡ z
n+1E′(δ−β)+nδ
F(δ−β)+nδ ≡ z
−n−1F ′(δ−β)+nδ (26)
Then the primed quantities do not depend on the parameter z and E˜
′(i)
nδ , F˜
′(i)
nδ , E
′
β+nδ , F
′
β+nδ ,E
′
(δ−β)+nδ
, F ′(δ−β)+nδ can be easily read off by comparing (26 with (24); moreover, similar to the Uq(A
(1)
1 )
case, E
′(i)
nδ , F
′(i)
nδ are determined by the following equalities of formal series: (αi = α, β)
(qαi − q
−1
αi )
∞∑
k=1
E˜
′(i)
kδ u
k = exp
(
(qαi − q
−1
αi )
∞∑
l=1
E
′(i)
lδ u
l
)
− 1
−(qαi − q
−1
αi )
∞∑
k=1
F˜
′(i)
kδ u
−k = exp
(
−(qαi − q
−1
αi )
∞∑
l=1
F
′(i)
lδ u
−l
)
− 1 (27)
which are the variants of (15). The above considerations and (16) then give rise to
Theorem: The universal R-matrix of Uq(A2) with the explicit dependence of spectral parame-
ter, R(x, y) ≡ (evx ⊗ evy)R, takes the form,
R(x, y) =
∏
n≥0
expqα
(
(q − q−1)
(
x
y
)n (
q−nhαEαq
−n(hα+2hβ)/3 ⊗ qn(hα+2β)/3Fαq
nhα
))
·
∏
n≥0
expqα+β
(
(q − q−1)
(
x
y
)n (
q−nhα+βEα+βq
n(hβ−hα)/3 ⊗ qn(hα−β)/3Fα+βq
nhα+β
))
·
∏
n≥0
expqβ
(
(q − q−1)
(
x
y
)n (
E′β+nδ ⊗ F
′
β+nδ
))
·exp

∑
n>0
2∑
i,j=1
Cnij(q)(q − q
−1)(E
′(i)
nδ ⊗ F
′(j)
nδ )


·
∏
n≥0
expqβ
(
(q − q−1)
(
x
y
)n+1 (
E′(δ−β)+nδ ⊗ F
′
(δ−β)+nδ
))
·
∏
n≥0
expqα
(
(q − q−1)
(
x
y
)n+1 (
q−(n+1)(hα+2hβ)/3Fαq
−nhα ⊗ qnhαEαq
(n+1)(hα+2hβ)/3
))
·
∏
n≥0
expqα+β
(
(q − q−1)
(
x
y
)n+1 (
q(n+1)(hβ−hα)/3Fα+βq
−nhα+β
⊗ qnhα+βEα+βq
(n+1)(hα−hβ)/3
))
· q
∑2
i,j=1
(a−1sym)
ijhi⊗hj (28)
5 Applications
To illustrate the general theory developed in the previous section, we present a detailed study
of the spectral-dependent R-matrix for some concrete and interesting representations.
First consider the Uq(A
(1)
1 ) case. Let Vl , l ∈ Z+ denote the (l + 1)-dimensional module of
Uq(A1) (spin l/2 representation) with basis {v
(l)
m | 0 ≤ m ≤ l}. We have
8
Proposition: For spin l/2 representation of Uq(A1), we have
hαv
(l)
m = (l − 2m)v
(l)
m
Eαv
(l)
m = [l −m+ 1]qv
(l)
m−1
Fαv
(l)
m = [m+ 1]qv
(l)
m+1
E′nδv
(l)
m = [2]
−1
q
(−1)n−1
n
qnm
(
[n(l −m)]q − q
−n(l+2)[nm]q
)
v(l)m
F ′nδv
(l)
m = [2]
−1
q
(−1)n−1
n
q−nm
(
[n(l −m)]q − q
n(l+2)[nm]q
)
v(l)m (29)
where it is understood that v
(l)
m is identically zero if m > l or m < 0.
Proof: Straightforward computations + induction in n.
(i) for spin 1/2 representation, we have from (29)
hα =

 1 0
0 −1

 , Eα =

 0 1
0 0

 , Fα =

 0 0
1 0


E′nδ = [2]
−1
q
(−1)n−1
n
[n]q

 1 0
0 −q−2n

 , F ′nδ = [2]−1q (−1)n−1n [n]q

 1 0
0 −q2n

 (30)
We apply (22) to V1/2 ⊗ V1/2, where V1/2 denotes the spin-1/2 representation of Uq(A1).
Using (30), it follows from (22) that
R1/2,1/2(x, y) = fq(x, y) ·


1
q−1(y−x)
y−q−2x
y(1−q−2)
y−q−2x
x(1−q−2)
y−q−2x
q−1(y−x)
y−q−2x
1


(31)
where
fq(x, y) = q
1/2 · exp
(∑
n>0
qn − q−n
qn + q−n
(x/y)n
n
)
(32)
and use has been made of the notation:
(A⊗B) =


A11B A12B · · · A1NB
. . . .
. . . .
AM1B AM2B · · · AMNB


(33)
We thus reproduce the well-known result [3], up to a scalar factor fq(x, y). In [13], KT obtained
(31) directly from (10).
(ii) for spin 1 representation, (29) give rise to
hα =


2 0 0
0 0 0
0 0 −2

 , Eα =


0 [2]q 0
0 0 1
0 0 0

 , Fα =


0 0 0
1 0 0
0 [2]q 0


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F ′nδ = [2]
−1
q
(−1)n−1
n
[n]q


qn + q−n 0 0
0 −qn(q2n − q−2n) 0
0 0 −q2n(qn + q−n)

 (34)
We now apply (22) to V1/2 ⊗ V1 with V1 being the spin-1 representation of Uq(A1). Using
(34), we obtain from (22),
R1/2,1(x, y) =
q2(y − q−1x)
y − qx
·
(
e11 + e66 +
q−2(y − qx)
y − q−3x
(e33 + e44)+
+
yq−1(1− q−2)
y − q−3x
e24 +
xq−1(1− q−2)
y − q−3x
e53
)
(35)
where eij is the matrix satisfying (eij)kl = δikδjl and eijekl = δjkeil.
We now turn to the Uq(A
(1)
2 ) case. We state
Proposition: The explicit form of generators on the fundamental representation of Uq(A2) is
given by
hα = diag(1,−1, 0) , hβ = diag(0, 1,−1)
Eα =


0 1 0
0 0 0
0 0 0

 , Fα =


0 0 0
1 0 0
0 0 0


Eα+β =


0 0 1
0 0 0
0 0 0

 , Fα+β =


0 0 0
0 0 0
1 0 0


E′β+nδ = q
−2n−n/3


0 0 0
0 0 1
0 0 0

 , F ′β+nδ = q2n+n/3


0 0 0
0 0 0
0 1 0


E′(δ−β)+nδ = (−1)
nq−2n−n/3−1


0 0 0
0 0 0
0 1 0


F ′(δ−β)+nδ = (−1)
nq2n+n/3+1


0 0 0
0 0 1
0 0 0


E
′(α)
nδ = [2]
−1
q (−1)
n−1 [n]q
n
q−n/3 diag
(
1,−q−2n, 0
)
F
′(α)
nδ = [2]
−1
q (−1)
n−1 [n]q
n
qn/3 diag
(
1,−q2n, 0
)
E
′(β)
nδ = [2]
−1
q
[n]q
n
q−n−n/3 diag
(
0,−1, q−2n
)
F
′(β)
nδ = [2]
−1
q
[n]q
n
qn+n/3 diag
(
0,−1, q2n
)
(36)
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We apply (28) to V(3)⊗V(3), where V(3) stands for the fundamental representation of Uq(A2).
Using (36) we get from (28), It follows from (28) that
R(3),(3)(x, y) = fq(x, y) ·
(
e11 + e99 +
q−1(y − x)
y − q−2x
(e22 + e33 + e44 + e66 + e77 + e88)+
+
y(1− q−2)
y − q−2x
(e24 + e37 + e68) +
x(1− q−2)
y − q−2x
(e42 + e73 + e86)
)
(37)
where
fq(x, y) = q
2/3 · exp
(∑
n>0
q2n − q−2n
q2n + 1 + q−2n
(x/y)n
n
)
(38)
We thus reproduce the well-known result [3], up to a scalar factor fq(x, y).
We now consider a very interesting case: to extract the spectral depedendent R-matrix in the
adjoint representation of Uq(A2). As one knows, this is simplest nontrivial example where the
tensor product is not multiplicity-free. To this effect, we introduce the so-called Gelfand-Tsetlin
basis vector |(m) > given by
|(m) >=
∣∣∣∣∣∣∣∣∣


m13 m23 m33
m12 m22
m11


〉
(39)
It can be shown that the action of generators on the GT basis vectors reads
hα|(m) >= (2m11 −m12 −m22)|(m) >
hβ |(m) >= (2m12 + 2m22 −m11 −m13 −m23 −m33)|(m) >
Fα
∣∣∣∣∣∣∣∣∣


m13 m23 m33
m12 m22
m11


〉
= {[m11 −m22]q[m12 −m11 + 1]q}
1/2
∣∣∣∣∣∣∣∣∣


m13 m23 m33
m12 m22
m11 − 1


〉
Fβ
∣∣∣∣∣∣∣∣∣


m13 m23 m33
m12 m22
m11


〉
=
{
[m12 −m11]q[m13 −m12 + 1]q[m23 −m12]q[m33 −m12 − 1]q
[m12 −m22 + 1]q[m12 −m22]q
}1/2
×
∣∣∣∣∣∣∣∣∣


m13 m23 m33
m12 − 1 m22
m11


〉
+
+
{
[m22 −m11 − 1]q[m13 −m22 + 2]q[m23 −m22 + 1]q[m33 −m22]q
[m12 −m22 + 2]q[m12 −m22 + 1]q
}1/2
×
∣∣∣∣∣∣∣∣∣


m13 m23 m33
m12 m22 − 1
m11


〉
(40)
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The matrix elements of Eα and Eβ are given by the transpose of the ones of Fα and Fβ,
respectively. Now for the adjoint representation, we have the following 8 state vectors:
φ1 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
1 0
1


〉
, φ2 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
1 0
0


〉
, φ3 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
1 − 1
1


〉
φ4 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
1 − 1
0


〉
, φ5 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
0 0
0


〉
, φ6 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
1 − 1
−1


〉
φ7 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
0 − 1
0


〉
, φ8 =
∣∣∣∣∣∣∣∣∣


1 0 − 1
0 − 1
−1


〉
(41)
Therefore, one has
Proposition: The matrix form of generators in the adjoint representation of Uq(A
(1)
2 ) is given
by
hα = diag(1,−1, 2, 0, 0,−2, 1,−1) , hβ = diag(1, 2,−1, 0, 0, 1,−2,−1)
Eα = e12 + [2]
1/2
q e34 + [2]
1/2
q e46 + e78 , Fα = e21 + [2]
1/2
q e43 + [2]
1/2
q e66 + e87
Eβ = e13 + [2]
−1/2
q e24 +
(
[3]q
[2]q
)1/2
e25 + [2]
−1/2
q e47 +
(
[3]q
[2]q
)1/2
e57 + e68
Fβ = e31 + [2]
−1/2
q e42 +
(
[3]q
[2]q
)1/2
e52 + [2]
−1/2
q e74 +
(
[3]q
[2]q
)1/2
e75 + e86
Eα+β = −[2]
−1/2
q q
−2e14 +
(
[3]q
[2]q
)1/2
e15 − q
−1e26 + e37 + [2]
−1/2
q qe48 −
(
[3]q
[2]q
)1/2
q−1e58
Fα+β = −[2]
−1/2
q q
2e41 +
(
[3]q
[2]q
)1/2
e51 − qe62 + e73 + [2]
−1/2
q q
−1e84 −
(
[3]q
[2]q
)1/2
qe85
E′β+nδ = q
ne13 + [2]
−1/2
q q
ne24 +
(
[3]q
[2]q
)1/2
q−3ne25 +
+ [2]−1/2q q
−3ne47 +
(
[3]q
[2]q
)1/2
qne57 + q
−3ne68
F ′β+nδ = q
−ne31 + [2]
−1/2
q q
−ne42 +
(
[3]q
[2]q
)1/2
q3ne52 +
+ [2]−1/2q q
3ne74 +
(
[3]q
[2]q
)1/2
q−ne75 + q
3ne86
E′(δ−β)+nδ = −q
n+2e31 − [2]
−1/2
q q
n+3e42 −
(
[3]q
[2]q
)1/2
q−3n−1e52
− [2]−1/2q q
−3n−3e74 −
(
[3]q
[2]q
)1/2
qn+1e75 − q
−3n−2e86
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F ′(δ−β)+nδ = −q
−n−2e13 − [2]
−1/2
q q
−n−3e24 −
(
[3]q
[2]q
)1/2
q3n+1e25
− [2]−1/2q q
3n+3e47 −
(
[3]q
[2]q
)1/2
q−n−1e57 − q
3n+2e68
E
′(α)
nδ = [2]
−1
q (−1)
n−1 [n]q
n
{
q−ne11 − q
−3ne22 + (q
n + q−n)e33 + q
−n(q2n − q−2n)e44
−q−2n(qn + q−n)e66q
ne77 − q
−ne88
}
F
′(α)
nδ = [2]
−1
q (−1)
n−1 [n]q
n
{
qne11 − q
3ne22 + (q
n + q−n)e33 − q
n(q2n − q−2n)e44
−q2n(qn + q−n)e66q
−ne77 − q
ne88
}
E
′(β)
nδ = −[2]
−1
q
[n]q
n
{
q2ne11 + (q
2n + q−2n)e22 − e33 − q
−n(qn − q−n)e44+
+q−n(qn − q−n)(q2n + 1 + q−2n)e55 + q
−2ne66 − q
−2n(q2n + q−2n)e77 − q
−4ne88
}
F
′(β)
nδ = −[2]
−1
q
[n]q
n
{
q−2ne11 + (q
2n + q−2n)e22 − e33 + q
n(qn − q−n)e44
−qn(qn − q−n)(q2n + 1 + q−2n)e55 + q
2ne66 − q
2n(q2n + q−2n)e77 − q
4ne88
}
(42)
Proof: Straightforward calculations + induction in n.
Proposition: We have the following properties for the generators in (42),
(Eα)
2 = [2]qe36 , (Eα)
3 = 0 , (Fα)
2 = [2]qe63 , (Fα)
3 = 0
(Eα+β)
2 = −[2]qq
−1e18 , (Eα+β)
3 = 0 , (Fα+β)
2 = −[2]qqe63 , (Fα+β)
3 = 0
(E′β+nδ)
2 = [2]qq
−2ne27 , (E
′
β+nδ)
3 = 0 , (F ′β+nδ)
2 = [2]qq
2ne72 , (F
′
β+nδ)
3 = 0
(E′(δ−β)+nδ)
2 = [2]qq
−2ne72 , (E
′
(δ−β)+nδ)
3 = 0
(F ′(δ−β)+nδ)
2 = [2]qq
2ne27 , (F
′
(δ−β)+nδ)
3 = 0 (43)
Proof: Easily checked.
We now apply (28) to V(8)⊗V(8), where V(8) is the adjoint representation of Uq(A2). Inserting
(42) into (28), we see that in the expansion of each q-exponential only three terms survive thanks
to the celebrated properties of generators, eq.(43). Thus one is able to work out the infinite
products in (28). The contributions from the imaginary root vectors in (28) can also be worked
out term by term and written as a very compact form. The final result may be put in the explicit
and compact form,
R(8),(8)(x, y) =
{
1 + (q − q−1)
∞∑
n=0
(
x
y
)n (
E′α+nδ ⊗ F
′
α+nδ
)
+
+[2]qq
−1(q − q−1)2
y2(y + q4x)
(y2 − x2)(y − q2x)
e36 ⊗ e63
}
·
{
1 + (q − q−1)
∞∑
n=0
(
x
y
)n (
E′α+β+nδ ⊗ F
′
α+β+nδ
)
+
13
+[2]qq
−1(q − q−1)2
y2(y + q4x)
(y2 − x2)(y − q2x)
e18 ⊗ e81
}
·
{
1 + (q − q−1)
∞∑
n=0
(
x
y
)n (
E′β+nδ ⊗ F
′
β+nδ
)
+
+[2]qq
−1(q − q−1)2
y2(y + q4x)
(y2 − x2)(y − q2x)
e27 ⊗ e72
}
· {imaginary root vectors contribution}
·
{
1 + (q − q−1)
∞∑
n=0
(
x
y
)n+1 (
E′(δ−β)+nδ ⊗ F
′
(δ−β)+nδ
)
+
+[2]qq
−1(q − q−1)2
x2(y + q4x)
(y2 − x2)(y − q2x)
e72 ⊗ e27
}
·
{
1 + (q − q−1)
∞∑
n=0
(
x
y
)n+1 (
E′(δ−α)+nδ ⊗ F
′
(δ−α)+nδ
)
+
+[2]qq
−1(q − q−1)2
x2(y + q4x)
(y2 − x2)(y − q2x)
e63 ⊗ e36
}
·
{
1 + (q − q−1)
∞∑
n=0
(
x
y
)n+1 (
E′(δ−α−β)+nδ ⊗ F
′
(δ−α−β)+nδ
)
+
+[2]qq
−1(q − q−1)2
x2(y + q4x)
(y2 − x2)(y − q2x)
e81 ⊗ e18
}
·
{
q2
8∑
i=1
(1− δi4 − δi5)(eii ⊗ eii) + q(e11 ⊗ e22 + e11 ⊗ e33 + e22 ⊗ e66+
+e33 ⊗ e77 + e66 ⊗ e88 + e77 ⊗ e88 + {↔}) + q
−1(e11 ⊗ e66 + e11 ⊗ e77 +
+e22 ⊗ e33 + e22 ⊗ e88 + e33 ⊗ e88 + e66 ⊗ e77 +
{↔}) +q−2(e11 ⊗ e88 + e22 ⊗ e77 + e33 ⊗ e66 + {↔})
}
(44)
where ”{↔}” denotes the interchange of the quantities in the space X ⊗ Y ;E′β+nδ , F
′
β+nδ
, E′(δ−β)+nδ , F
′
(δ−β)+nδ are given in (42) and
E′α+nδ = (−1)
n
{
q−2ne12 + [2]
1/2
q q
−2ne34 + [2]
1/2
q e46 + e78
}
F ′α+nδ = (−1)
n
{
q2ne21 + [2]
1/2
q q
2ne43 + [2]
1/2
q e64 + e87
}
E′α+β+nδ = (−1)
n

−[2]−1/2q q−2n−2e14 +
(
[3]q
[2]q
)1/2
q−2ne15 − q
−1e26+
+ q−2ne37 + [2]
−1/2
q qe48 −
(
[3]q
[2]q
)1/2
q−1e58


F ′α+β+nδ = (−1)
n

−[2]−1/2q q2n+2e41 +
(
[3]q
[2]q
)1/2
q2ne51 − qe62+
+ q2ne73 + [2]
−1/2
q q
−1e84 −
(
[3]q
[2]q
)1/2
qe85


E′(δ−α)+nδ = (−1)
n
{
q−2n−1e21 + [2]
1/2
q q
−2ne43 + [2]
1/2
q e64 + qe87
}
F ′(δ−α)+nδ = (−1)
n
{
q2n+1e12 + [2]
1/2
q q
2ne34 + [2]
1/2
q e46 + q
−1e78
}
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E′(δ−α−β)+nδ = (−1)
n

−[2]−1/2q q−2n+2e41 +
(
[3]q
[2]q
)1/2
q−2ne51 − q
2e62+
+ q−2n−1e73 + [2]
−1/2
q q
−1e84 −
(
[3]q
[2]q
)1/2
qe85


F ′(δ−α−β)+nδ = (−1)
n

−[2]−1/2q q2n−2e14 +
(
[3]q
[2]q
)1/2
q2ne15 − q
−2e26+
+ q2n+1e37 + [2]
−1/2
q qe48 −
(
[3]q
[2]q
)1/2
q−1e58


{imaginary root vectors contribution} = a′/a
8∑
i=1
(
1 + (b/b′ − 1)δi4 + (c/c
′ − 1)δi5
)
(eii ⊗ eii) +
+ a′(e11 ⊗ e22 + e11 ⊗ e33) + aa
′(e11 ⊗ e44) + a
′c(e11 ⊗ e55) + a(e11 ⊗ e66) +
+ aa′c(e11 ⊗ e77) + ac(e11 ⊗ e88) + 1/a(e22 ⊗ e11) + 1/b
′(e22 ⊗ e33) +
+ a′/b′(e22 ⊗ e44) + a
′c(e22 ⊗ e55) + a
′(e22 ⊗ e66) + aa
′c/b′(e22 ⊗ e77) +
+ aa′c(e22 ⊗ e88) + 1/a(e33 ⊗ e11) + b(e33 ⊗ e22) + a
′b(e33 ⊗ e44) +
+ ab(e33 ⊗ e66) + a
′(e33 ⊗ e77) + a(e33 ⊗ e88) + 1/(aa
′)(e44 ⊗ e11) +
+ b/a(e44 ⊗ e22) + 1/(ab
′)(e44 ⊗ e33) + a
′b(e44 ⊗ e66) + a
′/b′(e44 ⊗ e77) +
+ aa′(e44 ⊗ e88) + 1/(ac
′)(e55 ⊗ e11 + e55 ⊗ e22) + a
′c(e55 ⊗ e77 + e55 ⊗ e88) +
+ 1/a′(e66 ⊗ e11) + 1/a(e66 ⊗ e22) + 1/(a
′b′)(e66 ⊗ e33) + 1/(ab
′)(e66 ⊗ e44) +
+ 1/b′(e66 ⊗ e77) + a
′(e66 ⊗ e88) + 1/(aa
′c′)(e77 ⊗ e11) + b/(aa
′c′)(e77 ⊗ e22) +
+ 1/a(e77 ⊗ e33) + b/a(e77 ⊗ e44) + 1/(ac
′)(e77 ⊗ e55) + b(e77 ⊗ e66) +
+ a′(e77 ⊗ e88) + 1/(a
′c′)(e88 ⊗ e11) + 1/(aa
′c′)(e88 ⊗ e22) + 1/a
′(e88 ⊗ e33) +
+ 1/(aa′)(e88 ⊗ e44) + 1/(ac
′)(e88 ⊗ e55) + 1/a(e88 ⊗ e66 + e88 ⊗ e77) (45)
in which we have defined
a =
y − q2x
y − x
, a′ =
y − q−2x
y − x
, b =
y − q4x
y − q2x
b′ =
y − q−4x
y − q−2x
, c =
y − q6x
y − q4x
, c′ =
y − q−6x
y − q−4x
(46)
We see that (44) is an extreamly explicit formula: the sums in (44) can be easily worked out.
We do this in the Appendix B.
6 Concluding Remarks
In this paper we have given a detailed account for the results presented in our previous short
letter [1] where only the results have been announced.
We believe that along our line we may at least search for the solution to the following prob-
lems. Firstly, we may try to extend the above to other types of quantum affine algebras (twisted
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or nontwisted). To this effect, we first have to answer the question how to quantize loop repre-
sentations of the other types (type B, C, D, E and extotic) of groups. Secondly, we may wonder if
there exist some kind of ”universal” integrable lattice models which have our spectral-dependent
R-matrix as their Boltzmann weights. Thirdly, we may consider the possibility of finding and
computing eigenvalues of Casimir operators constructed from these sepctral parameter depen-
dent R-matrix which are expected to play some role in one dimensional open spin chains [17][18].
Finally, we believe our formula will be useful in quantizing the conformal affine Toda theories
[14] and in the recently-developed q-deformed WZNW CFT’s [19][20]. These are problems now
under consideration.
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7 Appendix A
We consider here finite-dimensional loop representations of Uq(gl(n)
(1)) = Uq(A
(1)
n−1) with the
Chevalley generators {Ei, Fi, q
hi , 0 ≤ i < n; qd} in which
Ei ≡ Ei i+1 , Fi ≡ Ei+1 i , q
hi , hi ≡ Ei i − Ei+1 i+1 , 1 ≤ i < n , q
Enn (47)
are the usual Chevalley generators of Uq(gl(n)). We define
Eij = EikEkj − q
−1EkjEik , i < k < j
Eij = EikEkj − qEkjEik , i > k > j (48)
and put
Eψ ≡ q
E11+EnnE1n , Fψ ≡ En1q
−E11−Enn , hψ ≡ E11 − Enn (49)
then we have
Proposition: For any given z ∈ C×, there is a homomorphism of algebras evz: Uq(gl(n)
(1))→
Uq(gl(n)), in terms of the Chevalley generators,
evz(Ei) = Ei , evz(Fi) = Fi , evz(hi) = hi
evz(E0) = zFψ , evz(F0) = z
−1Eψ , evz(h0) = −hψ , evz(c) = 0 (50)
Proof: To show they define a homomorphism Uq(gl(n)
(1))→ Uq(gl(n)), one needs to check that
the relations in (1) are satisfied. This is immediate except for the last two, which reduce to
(adq−1Fi)
1+(ψ,αi)F0 = (adq−1Fi)
1+(ψ,αi)Eψ = 0 (51)
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(adq−1F0)
1+(ψ,αi)Fi = (adq−1Eψ)
1+(ψ,αi)Fi = 0 (52)
and two similar relations with interchange Fi ↔ Ei , F0 ↔ E0 , q
−1 ↔ q. We now prove (51).
First we consider the case: 1 < i < i + 1 < n. In this case (ψ,αi) = 0, and the l.h.s. of (51)
becomes
(adq−1Fi)Eψ = [Fi, Eψ] = q
E11+Enn [Ei+1 i, E1n] (53)
which can be easily checked to be vanishing. We then consider the i = 1 case. In this case the
l.h.s. of (51) reads
(adq−1F1)
2Eψ = (adq−1E21)(adq−1E21)Eψ (54)
One can easily show (adq−1E21)Eψ = q
E22+EnnE2n. Inserting this into (54), one get
(54) = (adq−1E21)q
E22+EnnE2n = q
E22+Enn−1[E21 , E2n] = 0 (55)
as required. Finally for i = n, we see the l.h.s. of (51) reduces to
(adq−1Fn)
2Eψ = (adq−1Enn−1)(adq−1Enn−1)Eψ (56)
Some direct computations give
(56) = qE11+Enn−1
{
q−1Enn−1[Enn−1, E1n]− q[Enn−1, E1nEnn−1
}
(57)
which, using the directly checkable formula,
[Enn−1, E1n] = −q
En−1n−1−EnnE1n−1 , (58)
is easily seen to be vanishing. We may similarly prove (52).
Remark: Since N ≡
∑n
i=1 Eii commutes with everything, therefore, if we set, instead of (49),
Eψ ≡ q
E11+Enn−
2
n
N E1n , Fψ ≡ En1 q
−E11−Enn+
2
n
N E1n (59)
then the above proposition in this appendix still holds. It turns out that it is more convenient
to use (59) as we did in the previous sections.
8 Appendix B
For completeness, in this appendix we work out the sums appearing in (44). We list the results
below:
the first sum =
y
y − x
{e12 ⊗ e21 + [2]
1/2
q (e12 ⊗ e43) + [2]
1/2
q (e34 ⊗ e21) + [2]q(e34 ⊗ e43) +
+ [2]q(e46 ⊗ e64) + [2]
1/2
q (e46 ⊗ e87) + [2]
1/2
q (e78 ⊗ e64) + e78 ⊗ e87}+
+
y
y − q−2x
{[2]1/2q (e12 ⊗ e64) + e12 ⊗ e87 + [2]q(e34 ⊗ e64) + [2]
1/2
q (e34 ⊗ e87)}+
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+
y
y − q2x
{[2]1/2q (e46 ⊗ e21) + [2]q(e46 ⊗ e43) + e78 ⊗ e21 + [2]
1/2
q (e78 ⊗ e43)}
the second sum =
y
y − x
{1/[2]q(e14 ⊗ e41)− [3]
1/2
q /(q
2[2]q)(e14 ⊗ e51)− 1/(q
2[2]1/2q )(e14 ⊗ e73)
− q2[3]1/2q /[2]q(e15 ⊗ e41) + [3]q/[2]q(e15 ⊗ e51) + ([3]q/[2]q)
1/2(e15 ⊗ e73) +
+ e26 ⊗ e62 − 1/(q
2[2]1/2q )(e26 ⊗ e84) + ([3]q/[2]q)
1/2(e26 ⊗ e85)
− q2/[2]1/2q (e37 ⊗ e41) + ([3]q/[2]q)
1/2(e37 ⊗ e51) +
+ e37 ⊗ e73 − q
2/[2]1/2q (e48 ⊗ e62) + e48 ⊗ e84 − q
2[3]1/2q /[2]q(e48 ⊗ e85)
+ ([3]q/[2]q)
1/2(e58 ⊗ e62)− [3]
1/2/(q2[2]q)(e58 ⊗ e84) + [3]q/[2]q(e58 ⊗ e85)}
+
y
y − q−2x
{1/(q[2]1/2q )(e14 ⊗ e62)− 1/(q
3[2]q)(e14 ⊗ e84) + [3]
1/2
q /(q[2]q)(e14 ⊗ e85)
− q−1([3]q/[2]q)
1/2(e15 ⊗ e62) + [3]
1/2
q /(q[2]q)(e15 ⊗ e84)− q([3]q/[2]q)(e15 ⊗ e85)
− q(e37 ⊗ e62) + 1/(q[2]
1/2
q )(e37 ⊗ e84)− q([3]q/[2]q)
1/2(e37 ⊗ e85)}
+
y
y − q2x
{q/[2]1/2q (e26 ⊗ e41)− q
−1([3]q/[2]q)
1/2(e26 ⊗ e51)− q
−1(e26 ⊗ e73)
− q3/[2]q(e48 ⊗ e41) + q[3]
1/2
q /[2]q(e48 ⊗ e51) + q/[2]
1/2
q (e48 ⊗ e73)
+ q[3]1/2q /[2]q(e58 ⊗ e41)− q
−1([3]q/[2]q)(e58 ⊗ e51)− q
−1([3]q/[2]q)
1/2(e58 ⊗ e73)}
the third sum =
y
y − x
{e13 ⊗ e31 + 1/[2]
1/2
q (e13 ⊗ e42) + ([3]q/[2]q)
1/2(e13 ⊗ e75) +
+ 1/[2]1/2q (e24 ⊗ e31) + 1/[2]q(e24 ⊗ e42) + [3]
1/2
q /[2]q(e24 ⊗ e75) +
+ [3]q/[2]q(e25 ⊗ e52) + [3]
1/2
q /[2]q(e25 ⊗ e74) + ([3]q/[2]q)
1/2(e25 ⊗ e86) +
+ [3]1/2q /[2]q(e47 ⊗ e52) + 1/[2]q(e47 ⊗ e74) +
+ 1/[2]1/2q (e47 ⊗ e86) + ([3]q/[2]q)
1/2(e57 ⊗ e31) + [3]
1/2
q /[2]q(e57 ⊗ e42) +
+ [3]q/[2]q(e57 ⊗ e75) + ([3]q/[2]q)
1/2(e68 ⊗ e52) + 1/[2]
1/2
q (e68 ⊗ e74) + e68 ⊗ e86}
+
y
y − q4x
{([3]q/[2]q)
1/2(e13 ⊗ e52) + 1/[2]
1/2
q (e13 ⊗ e74) + e13 ⊗ e86 +
+ [3]1/2q /[2]q(e24 ⊗ e52) + 1/[2]q(e24 ⊗ e74) + 1/[2]
1/2
q (e24 ⊗ e86) +
+ [3]q/[2]q(e57 ⊗ e52) + [3]
1/2
q /[2]q(e57 ⊗ e74) + ([3]q/[2]q)
1/2(e57 ⊗ e86)}+
+
y
y − q−4x
{([3]q/[2]q)
1/2(e25 ⊗ e31) + [3]
1/2
q /[2]q(e25 ⊗ e42) + [3]q/[2]q(e25 ⊗ e75)
+ 1/[2]1/2q (e47 ⊗ e31) + 1/[2]q(e47 ⊗ e42) + [3]
1/2
q /[2]q(e47 ⊗ e75) +
+ e68 ⊗ e31 + 1/[2]
1/2
q (e68 ⊗ e42) + ([3]q/[2]q)
1/2(e68 ⊗ e75)}
the fourth sum =
x
y − x
{e31 ⊗ e13 + 1/(q[2]
1/2
q )(e31 ⊗ e24) + q([3]q/[2]q)
1/2(e31 ⊗ e57)
+ q/[2]1/2q (e42 ⊗ e13) + 1/[2]q(e42 ⊗ e24) + q
2[3]1/2q /[2]q(e42 ⊗ e57) +
+ [3]q/[2]q(e52 ⊗ e25) + q
2[3]1/2q /[2]q(e52 ⊗ e47) + q([3]q/[2]q)
1/2(e52 ⊗ e68) +
+ [3]1/2q /(q
2[2]q)(e74 ⊗ e25) + 1/[2]q(e74 ⊗ e47) + 1/(q[2]
1/2
q )(e74 ⊗ e68) +
+ q−1([3]q/[2]q)
1/2(e75 ⊗ e13) + [3]
1/2
q /(q
2[2]q)(e75 ⊗ e24) +
+ [3]q/[2]q(e75 ⊗ e57) + +q
−1([3]q/[2]q)
1/2(e86 ⊗ e25) + q/[2]
1/2
q (e86 ⊗ e47) +
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+ e86 ⊗ e68}+
x
y − q4x
{q3([3]q/[2]q)
1/2(e31 ⊗ e25) + q
5/[2]1/2q (e31 ⊗ e47) +
+ q4(e31 ⊗ e68) + q
4[3]1/2q /[2]q(e42 ⊗ e25) + q
6/[2]q(e42 ⊗ e47) +
+ q5/[2]1/2q (e42 ⊗ e68) + q
2[3]q/[2]q(e75 ⊗ e25) + q
4[3]1/2q /[2]q(e75 ⊗ e47)
+ q3([3]q/[2]q)
1/2(e75 ⊗ e68)}+
x
y − q−4x
{q−3([3]q/[2]q)
1/2(e52 ⊗ e13)
+ [3]1/2q /(q
4[2]q)(e52 ⊗ e24) + +[3]q/(q
2[2]q)(e52 ⊗ e57) +
+ 1/(q5[2]1/2q )(e74 ⊗ e13) + 1/(q
6[2]q)(e74 ⊗ e24) + [3]
1/2
q /(q
4[2]q)(e74 ⊗ e57) +
+ q−4(e86 ⊗ e13) + 1/(q
5[2]1/2q )(e86 ⊗ e24) + q
−3([3]q/[2]q)
1/2(e86 ⊗ e57)
the fifth sum =
x
y − x
{e21 ⊗ e12 + [2]
1/2
q /q(e21 ⊗ e34) + q[2]
1/2
q (e43 ⊗ e12) + [2]q(e43 ⊗ e34)
+ [2]q(e64 ⊗ e46) + [2]
1/2
q /q(e64 ⊗ e78) + q[2]
1/2
q (e87 ⊗ e46) + e87 ⊗ e78}
+
x
y − q−2x
{[2]1/2q /q(e21 ⊗ e46) + 1/q
2(e21 ⊗ e78) + [2]q(e43 ⊗ e46) + [2]
1/2
q /q(e43 ⊗ e78)}
+
x
y − q2x
{q[2]1/2q (e64 ⊗ e12) + [2]q(e64 ⊗ e34) + q
2(e87 ⊗ e12) + q[2]
1/2
q (e87 ⊗ e34)}
the sixth sum =
x
y − x
{1/[2]q(e41 ⊗ e14)− q
2[3]1/2q /[2]q(e41 ⊗ e15)− q
3/[2]1/2q (e41 ⊗ e37)
− [3]1/2q /(q
2[2]q)(e51 ⊗ e14) + [3]q/[2]q(e51 ⊗ e15) + q([3]q/[2]q)
1/2(e51 ⊗ e37)
+ e62 ⊗ e26 − q
3/[2]1/2q (e62 ⊗ e48) + q([3]q/[2]q)
1/2(e62 ⊗ e58)− 1/(q
3[2]1/2q )(e73 ⊗ e14)
+ q−1([3]q/[2]q)
1/2(e73 ⊗ e15) + e73 ⊗ e37 − 1/(q
3[2]1/2q )(e84 ⊗ e26)
+ 1/[2]q(e84 ⊗ e48)− [3]
1/2
q /(q
2[2]q)(e84 ⊗ e58) + q
−1([3]q/[2]q)
1/2(e85 ⊗ e26)
− q2[3]1/2q /[2]q(e85 ⊗ e48) + [3]q/[2]q(e85 ⊗ e58)}+
x
y − q−2x
{1/[2]1/2q (e41 ⊗ e26)
− q3/[2]q(e41 ⊗ e48) + q[3]
1/2
q /[2]q(e41 ⊗ e58)− q
−2([3]q/[2]q)
1/2(e51 ⊗ e26)
+ q[3]1/2q /[2]q(e51 ⊗ e48)− q
−1([3]q/[2]q)(e51 ⊗ e58)− 1/q
3(e73 ⊗ e26)
+ 1/[2]1/2q (e73 ⊗ e48)− q
−2([3]q/[2]q)
1/2(e73 ⊗ e58)}+
x
y − q2x
{1/[2]1/2q (e62 ⊗ e14)
− q2([3]q/[2]q)
1/2(e62 ⊗ e15)− q
3(e62 ⊗ e37)− 1/(q
3[2]q)(e84 ⊗ e14)
+ [3]1/2q /(q[2]q)(e84 ⊗ e15) + 1/[2]
1/2
q (e84 ⊗ e37) + [3]
1/2
q /(q[2]q)(e85 ⊗ e14)
− q([3]q/[2]q)(e85 ⊗ e15)− q
2([3]q/[2]q)
1/2(e85 ⊗ e37)} (60)
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